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Problem

• Given query point q, find its nearest neighbor with respect to
Euclidean distance within data set X in a d-dimensional space

• Focus on large scale: encode (compress) vectors, speed up distance
computations

• Fit underlying distribution with little space & time overhead



Applications in vision
Retrieval (image as point) [Jégou et al. ’10][Perronnin et al. ’10]
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Figure 1. Images and corresponding VLAD descriptors, for k=16 centroids (D=16×128). The components of the descriptor are represented
like SIFT, with negative components (see Equation 1) in red.

words k: we consider values ranging from k=16 to k=256.
Figure 1 depicts the VLAD representations associated

with a few images, when aggregating 128-dimensional
SIFT descriptors. The components of our descriptor map
to components of SIFT descriptors. Therefore we adopt the
usual 4× 4 spatial grid representation of oriented gradients
for each vi=1..k. We have accumulated the descriptors in 16
of them, one per visual word. In contrast to SIFT descrip-
tors, a component may be positive or negative, due to the
difference in Equation 1.

One can observe that the descriptors are relatively sparse
(few values have a significant energy) and very structured:
most high descriptor values are located in the same cluster,
and the geometrical structure of SIFT descriptors is observ-
able. Intuitively and as shown later, a principal component
analysis is likely to capture this structure. For sufficiently
similar images, the closeness of the descriptors is obvious.

3. From vectors to codes
This section addresses the problem of coding an image

vector. Given a D-dimensional input vector, we want to
produce a code of B bits encoding the image representa-
tion, such that the nearest neighbors of a (non-encoded)
query vector can be efficiently searched in a set of n en-
coded database vectors.

We handle this problem in two steps, that must be opti-
mized jointly: 1) a projection that reduces the dimension-
ality of the vector and 2) a quantization used to index the

resulting vectors. For this purpose, we consider the recent
approximate nearest neighbor search method of [7], which
is briefly described in the next section. We will show the
importance of the joint optimization by measuring the mean
squared Euclidean error generated by each step.

3.1. Approximate nearest neighbor

Approximate nearest neighbors search methods [4, 11,
15, 24, 27] are required to handle large databases in com-
puter vision applications [22]. One of the most popu-
lar techniques is Euclidean Locality-Sensitive Hashing [4],
which has been extended in [11] to arbitrary metrics. How-
ever, these approaches and the one of [15] are memory con-
suming, as several hash tables or trees are required. The
method of [27], which embeds the vector into a binary
space, better satisfies the memory constraint. It is, how-
ever, significantly outperformed in terms of the trade-off
between memory and accuracy by the product quantization-
based approximate search method of [7]. In the following,
we use this method, as it offers better accuracy and because
the search algorithm provides an explicit approximation of
the indexed vectors. This allows us to compare the vector
approximations introduced by the dimensionality reduction
and the quantization. We use the asymmetric distance com-
putation (ADC) variant of this approach, which only en-
codes the vectors of the database, but not the query vector.
This method is summarized in the following.



Applications in vision
Retrieval (patch as point) [Tolias et al. ’13][Qin et al. ’13]

Speeded-up, relaxed spatial matching
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Abstract

A wide range of properties and assumptions determine
the most appropriate spatial matching model for an ap-
plication, e.g. recognition, detection, registration, or large
scale image retrieval. Most notably, these include discrim-
inative power, geometric invariance, rigidity constraints,
mapping constraints, assumptions made on the underlying
features or descriptors and, of course, computational com-
plexity. Having image retrieval in mind, we present a very
simple model inspired by Hough voting in the transforma-
tion space, where votes arise from single feature correspon-
dences. A relaxed matching process allows for multiple
matching surfaces or non-rigid objects under one-to-one
mapping, yet is linear in the number of correspondences. We
apply it to geometry re-ranking in a search engine, yielding
superior performance with the same space requirements but
a dramatic speed-up compared to the state of the art.

1. Introduction
Discriminative local features have made sub-linear index-
ing of appearance possible, but geometry indexing still ap-
pears elusive if one targets invariance, global geometry ver-
ification, high precision and low space requirements. Large
scale image retrieval solutions typically consider geometry
in a second, re-ranking phase. The latter is linear in the
number of images to match, hence its speed is crucial.

Exploiting local shape of features (e.g. local scale, ori-
entation, or affine parameters) to extrapolate relative trans-
formations, it is either possible to construct RANSAC hy-
potheses by single correspondences [14], or to see corre-
spondences as Hough votes in a transformation space [12].
In the former case one still has to count inliers, so the pro-
cess is quadratic in the number of (tentative) correspon-
dences. In the latter, voting is linear but further verification
with inlier count seems unavoidable.

Flexible spatial models are more typical in recognition;
these are either not invariant to geometric transformations,
or use pairwise constraints to detect inliers without any
rigid motion model [11]. The latter are at least quadratic

Figure 1. Top: HPM matching of two images of Oxford dataset, in
0.6ms. All tentative correspondences are shown. The ones in cyan
have been erased. The rest are colored according to strength, with
red (yellow) being the strongest (weakest). Bottom: Inliers found
by 4-dof FSM and affine-model LO-RANSAC, in 7ms.

in the number of correspondences and their practical run-
ning time is still prohibitive if our target for re-ranking is
thousands of matches per second.

We develop a relaxed spatial matching model which ap-
plies the concept of pyramid match [8] to the transforma-
tion space. Using local feature shape to generate votes, it is
invariant to similarity transformations, free of inlier-count
verification and linear in the number of correspondences. It
imposes one-to-one mapping and is flexible, allowing non-
rigid motion and multiple matching surfaces or objects.

Fig. 1 compares our Hough pyramid matching (HPM)
to fast spatial matching (FSM) [14]. Both buildings are
matched by HPM, while inliers from one surface are only
found by FSM. But our major achievement is speed: in a
given query time, HPM can re-rank one order of magnitude
more images than the state of the art in geometry re-ranking.
We give a more detailed account of our contribution in sec-
tion 2 after discussing the most related prior work.



Applications in vision
Localization, pose estimation [Sattler et al. ’12][Li et al. ’12]

Fast Image-Based Localization using Direct 2D-to-3D Matching
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Abstract
Recently developed Structure from Motion (SfM) recon-

struction approaches enable the creation of large scale 3D
models of urban scenes. These compact scene representa-
tions can then be used for accurate image-based localiza-
tion, creating the need for localization approaches that are
able to efficiently handle such large amounts of data. An
important bottleneck is the computation of 2D-to-3D cor-
respondences required for pose estimation. Current state-
of-the-art approaches use indirect matching techniques to
accelerate this search. In this paper we demonstrate that
direct 2D-to-3D matching methods have a considerable
potential for improving registration performance. We de-
rive a direct matching framework based on visual vocabu-
lary quantization and a prioritized correspondence search.
Through extensive experiments, we show that our frame-
work efficiently handles large datasets and outperforms cur-
rent state-of-the-art methods.

1. Introduction
Image-based localization is an important problem in

computer vision. Its applications include localization and
navigation for both pedestrians [22, 31, 13] and robots
[6, 5], Augmented Reality [1, 3], and the visualization of
photo collections [26]. Image-based localization is also an
important part in the pipeline of higher-level computer vi-
sion tasks such as semantic object annotation [9] and can
be used as an initial pose estimate to speed up large-scale
reconstructions from Internet photo collections [27].

Traditionally, large-scale image-based localization has
been treated as an image retrieval problem. After finding
those images in a database that are most similar to the query
image, the location of the query can be determined relative
to them [22, 31]. The huge progress achieved in the field
of image retrieval enables the use of an increasing num-
ber of images for the representation of real world scenes
[25, 19, 20]. However, the localization accuracy obtained
this way cannot be better than the precision of the GPS
positions available for the database images. To achieve a
higher localization accuracy, more detailed information is
needed which can be obtained from a 3D reconstruction
of the scene. Using these models additionally permits to

Figure 1: Our approach for image-based localization accu-
rately registers query images (bottom right) to a 3D scene
model of an entire city (top left, close-up view) using an
efficient 2D-to-3D matching framework.

estimate the orientation (and thus the complete pose) of
the camera and yields a much more structured representa-
tion of the scenes. Recent advances in SfM research [27]
now make it possible to construct models on a city-scale
level consisting of millions of points in only a few hours
[8, 29, 21], creating the need for image-based localization
methods that can handle such large datasets.

Essential for image-based localization using 3D models
is to establish correspondences between 2D local features in
the query image and 3D points in the model. The common
approach is to use the feature descriptors, e.g. SIFT [17],
for the 3D points computed during the reconstruction, for-
mulating the correspondence search as a descriptor match-
ing problem. Following the terminology from [16] we re-
fer to 2D image features and their descriptors as features
and to 3D points and their descriptors as points. We distin-
guish between direct and indirect 2D-to-3D matching. Di-
rect matching tries to find the 3D point corresponding to a
2D feature by searching for the nearest neighbors of that
feature’s descriptor in the space containing the 3D point de-
scriptors, while indirect methods use an intermediate con-
struct to represent points and their descriptors which does
not preserve the proximity in descriptor space. Classical di-
rect matching approaches such as approximative tree-based

2011 IEEE International Conference on Computer Vision
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Applications in vision
Classification [Boiman et al. ’08][McCann & Lowe ’12]

Figure 3. “Image-to-Image” vs. “Image-to-Class” distance. A
Ballet class with large variability and small number (three) of ‘la-
belled’ images (bottom row). Even though the “Query-to-Image”
distance is large to each individual ‘labelled’ image, the “Query-
to-Class” distance is small. Top right image: For each descrip-
tor at each point in Q we show (in color) the ‘labelled’ image
which gave it the highest descriptor likelihood. It is evident that
the new query configuration is more likely given the three images,
than each individual image seperately. (Images taken from [4].)

the entire class C (using all images I ∈ C), we would
get better generalization capabilities than by employing in-
dividual “Image-to-Image” measurements. Such a direct
“Image-to-Class” distance can be obtained by computing
the KL-distance between the descriptor distributions of Q
and C. As can be seen in Fig. 3, even though the “Query-
to-Image” KL-distance is large for all the ‘labelled’ images
in the Ballet class, the “Query-to-Class” KL-distance may
still be small, enabling correct classification. Inferring new
image configurations by “composing pieces” from a set of
other images was previously shown useful in [17, 4].
We prove (Sec. 3) that under the Naive-Bayes assump-

tion, the optimal distance to use in image classification is
the KL “Image-to-Class” distance, and not the commonly
used “Image-to-Image” distribution distances (KL, χ2, etc.)

3. Probabilistic Formulation
In this section we derive the optimal Naive-Bayes im-

age classifier, which is approximated by NBNN (Sec. 4).
Given a new query (test) image Q, we want to find its
class C. It is well known [7] that maximum-a-posteriori
(MAP) classifier minimizes the average classification er-
ror: Ĉ = argmaxC p(C|Q). When the class prior p(C)
is uniform, the MAP classifier reduces to the Maximum-
Likelihood (ML) classifier:

Ĉ = argmax
C

p(C|Q) = argmax
C

p(Q|C).

Let d1, ..., dn denote all the descriptors of the query im-
age Q. We assume the simplest (generative) probabilistic
model, which is the Naive-Bayes assumption (that the de-
scriptors d1, ..., dn ofQ are i.i.d. given its class C), namely:

p(Q|C) = p(d1, .., dn|C) =

n∏

i=1

p(di|C)

Taking the log probability of the ML decision rule we get:

Ĉ = argmax
C

log(p(C|Q)) = argmax
C

1

n

n∑

i=1

log p(di|C)

(1)
The simple classifier implied by Eq. (1) is the optimal clas-
sification algorithm under the Naive-Bayes assumption. In
Sec 4 we show how this simple classifier can be accurately
approximated using a non-parametric NN-based algorithm
(without descriptor quantization).

Naive-Bayes classifier ⇔ Minimum “Image-to-Class”
KL-Distance: In Sec. 2.2 we discussed the generalization
benefits of using an “Image-to-Class” distance. We next
show that the above MAP classifier of Eq. (1) is equivalent
to minimizing “Query-to-Class” KL-distances.
Eq. (1) can be rewritten as:

Ĉ = argmax
C

∑

d

p(d|Q) log p(d|C)

where we sum over all possible descriptors d. We can sub-
tract a constant term independent of C from the right hand
side of the above equation, without affecting Ĉ. By sub-
tracting

∑
d p(d|Q) log p(d|Q), we get:

Ĉ = argmax
C

(
∑

d∈D

p(d|Q) log
p(d|C)

p(d|Q)
)

= argmin
C

(KL(p(d|Q)‖p(d|C)) ) (2)

where KL(·‖·) is the KL-distance (divergence) between
two probability distributions. In other words, under the
Naive-Bayes assumption, the optimal MAP classifier mini-
mizes a “Query-to-Class” KL-distance between the descrip-
tor distributions of the queryQ and the class C.
A similar relation between Naive-Bayes classification

and KL-distance was used in [28] for texture classifica-
tion, yet between pairs of images (i.e., “Image-to-Image”
distances and not “Image-to-Class” distances). Distances
between descriptor distributions for the purpose of classifi-
cation have also been used by others [6, 16, 20, 27, 30], but
again – between pairs of images.

4. The Approximation Algorithm Using NN
In this section we present the “NBNN” classifier, which

accurately approximates the optimal MAP Naive-Bayes im-
age classifier of Sec. 3.

Non-Parametric Descriptor Density Estimation:
The optimal MAP Naive-Bayes image classifier of Eq. (1)
requires computing the probability density p(d|C) of de-
scriptor d in a classC. Because the number of local descrip-
tors in an image database is huge (on the order of the num-
ber of pixels in the database), a Parzen density estimation



Applications in vision
Quantization [Sivic et al. ’03][Philbin et al. ’07]

Vector quantization → visual words
Vocabulary

54

67

72

query

19

15
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Applications in vision
Clustering [Philbin et al. ’07][Avrithis ’13]

Quantize and Conquer: A dimensionality-recursive solution
to clustering, vector quantization, and image retrieval

Yannis Avrithis
National Technical University of Athens

Abstract

Inspired by the close relation between nearest neighbor
search and clustering in high-dimensional spaces as well as
the success of one helping to solve the other, we introduce
a new paradigm where both problems are solved simultane-
ously. Our solution is recursive, not in the size of input data
but in the number of dimensions. One result is a cluster-
ing algorithm that is tuned to small codebooks but does not
need all data in memory at the same time and is practically
constant in the data size. As a by-product, a tree struc-
ture performs either exact or approximate quantization on
trained centroids, the latter being not very precise but ex-
tremely fast. A lesser contribution is a new indexing scheme
for image retrieval that exploits multiple small codebooks to
provide an arbitrarily fine partition of the descriptor space.
Large scale experiments on public datasets exhibit state of
the art performance and remarkable generalization.

1. Introduction
We often visualize a clustering process in two dimensions
as in Figure 1, where a number of centroids partition the
underlying space into Voronoi cells. Even with k-means,
which is arguably the fastest alternative at large scale, the
cost is dominated by the assignment of data points to the
nearest centroid. It is thus popular to solve this subproblem
by approximate search [20]. In the 2D discrete space of
Figure 1, one may envision solving first the inverse problem
of computing a distance map on the entire 2D grid, which
could then respond to assignment queries by lookup.

By analogy, one may envision image retrieval as a propa-
gation process on this grid, where query descriptors serve as
source points and a local distance map is generated around
these points. Indexed images have their descriptors dis-
tributed on the grid and only those at a specific range from
source points are retrieved. Weighting of points is possible
based on the distance to nearest query point, as specified by
the position on the grid where they are found.

But how about spaces of up to 128 dimensions as in
the case of SIFT descriptors? Unfortunately, the number

Figure 1. Clustering and space partitioning, visualized on 2D dis-
crete space. Coloring of Voronoi cells follows that of the corre-
sponding centroid; patch intensity follows the distance map.

of grid positions increases exponentially in the number of
dimensions, which prevents us from visiting or even repre-
senting the entire space. This is exactly our contribution in
this work: we use a 2D discrete grid not just as an anal-
ogy but to actually solve clustering or search problems in
higher-dimensional spaces. The key idea is that the grid
actually represents a 2d-dimensional space S. The two “di-
mensions” that we see in fact capture the discrete topology
of two subspaces SL, SR, each of d dimensions, that de-
compose S into a Cartesian product S = SL × SR.

In a clustering setting, and assuming that we see cen-
troids as point sources and do compute a distance map via
propagation from the sources to the entire grid, it is possible
to obtain a triangulation as a by-product, having the cluster
centroids as vertices as in Figure 1. The graph represent-
ing this triangulation captures exactly the discrete topology
of the space. Doing this for both SL and SR, we may ap-
ply the same idea to S, ending up with an algorithm that is
recursive in the number of dimensions.

In a retrieval setting, we do not even need a single code-
book for the entire descriptor space. We may start recur-
sion after decomposing e.g. into two or four subspaces,
of dimension 64 or 32 respectively for SIFT descriptors.

1



Overview

• Binary codes
• Locality sensitive hashing [Charikar ’02]
• Spectral hashing [Weiss et al. ’08]
• Iterative quantization [Gong and Lazebnik ’11]

• Quantization
• Vector quantization (VQ)
• Product quantization (PQ) [Jégou et al. ’11]
• Optimized product quantization (OPQ) [Ge et al. ’13]

Cartesian k-means [Norouzi & Fleet ’13]
• Locally optimized product quantization (LOPQ) [Kalantidis and

Avrithis ’14]

• Non-exhaustive search
• Non-exhaustive PQ [Jégou et al. ’11]
• Inverted multi-index [Babenko & Lempitsky ’12]
• Multi-LOPQ [Kalantidis and Avrithis ’14]
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I. Binary codes



Locality sensitive hashing: random projections
[Charikar ’02]

• Choose a random vector a from the d-dimensional Gaussian
distribution.

• Define hash function ha : Rd → {−1, 1} with

ha(x) = sgn(a · x) =

{
1, if a · x ≥ 0
−1, if a · x < 0.

• Then, given x,y ∈ Rd,

P[ha(x) = ha(y)] = 1− θ(x,y)

π

where θ(x,y) is the angle between x,y.
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Binary codes and Hamming distance

• Given a set of n data points xi ∈ Rd, represented by matrix
X ∈ Rd×n.

• Define k hash functions hj : Rd → {−1, 1}, and let
h(x) = (h1(x), . . . , hk(x)).

• Encode each data point x by binary code y = h(x), and represent all
encoded points by matrix Y ∈ {−1, 1}k×n.
• For instance, Y = sgn(A>X) for random projections, where A ∈ Rd×k

represents the k random vectors.

• Now, given a query q, encode it as h(q) and search in Y by Hamming
distance.
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Spectral hashing
[Weiss et al. ’08]

• Define similarity matrix S with Sij = exp(−‖xi − xj‖2/t2).

• Require binary codes to be similarity preserving, balanced, and
uncorrelated:

minimize
∑

ij Sij‖yi − yj‖2
subject to yi ∈ {−1, 1}k∑

i yi = 0
1
n

∑
i yiy

>
i = I.
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Spectral hashing
Relaxation

• Define Laplacian matrix L = D − S with D = diag(S1).

• Problem is relaxed as

minimize tr(Y LY >)
subject to Y 1 = 0

Y Y > = I,

and solutions are the k eigenvectors of L with minimal eigenvalue,
excluding eigenvector 1 with eigenvalue 0.

• See also Laplacian eigenmaps [Belkin & Niyogi ’01].
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Spectral hashing
Out of sample extension

• Replace data points by probability distribution p; and Laplacian matrix
by Laplacian operator Lp acting on functions.

• Then, solutions are the k eigenfunctions f of Lp (such that
Lpf = λf) with minimal eigenvalue, excluding eigenfunction f(x) = 1
with eigenvalue 0.

• If p is uniform, then eigenfunctions have outer product form, and for
1-dimensional distribution on [a, b],

φj(x) = sin

(
π

2
+

jπ

b− ax
)

λj = 1− e− t
2

2 ( jπ
b−a)

2
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Spectral hashing
Example

Figure 2: Left: Eigenfunctions for a uniform rectangular distribution in 2D.Right: Thresh-
olded eigenfunctions. Outer-product eigenfunctions have a red frame. The eigenvalues de-
pend on the aspect ratio of the rectangle and the spatial frequency of the cut – it is better
to cut the long dimension first and lower spatial frequencies are better than higher ones.

Boosting SSC

RBM (two hidden layers)

LSH

Spectral hashing

a) 3 bits b) 7 bits c) 15 bits

Boosting SSC

RBM (two hidden layers)

LSH

Spectral hashing

Boosting SSC

RBM (two hidden layers)

LSH

Spectral hashing

Figure 3: Comparison of neighborhood defined by hamming balls of different radii using
codes obtained with LSH, Boosting, RBM and spectral hashing when using 3, 7 and 15 bits.
The yellow dot denotes a test sample. The red points correspond to the locations that are
within a hamming distance of zero. Green corresponds to a hamming ball of radius 1, and
blue to radius 2.

• Thresholding the analytical eigenfunctions at zero, to obtain binary codes.

This simple algorithm has two obvious limitations. First, it assumes a multidimensional
uniform distribution generated the data. We have experimented with using multidimensional
Gaussians instead. Second, even though it avoids the trivial 3 way dependencies that arise
from outer-product eigenfunctions, other high-order dependencies between the bits may
exist. We have experimented with using only frequencies that are powers of two to avoid
these dependencies. Neither of these more complicated variants of spectral hashing gave a
significant improvement in performance in our experiments.

Figure 4a compares the performance of spectral hashing to LSH, RBMs and Boosting on a
2D rectangle and figure 3 visualizes the Hamming balls for the different methods. Despite
the simplicity of spectral hashing, it outperforms the other methods. Even when we apply
RBMs and Boosting to the output of spectral hashing the performance does not improve.
A similar pattern of results is shown in high dimensional synthetic data (figure 4b).

Some insight into the superior performance can be obtained by comparing the partitions
that each bit defines on the data (figures 2,1). Recall that we seek partitions that give low
cut value and are approximately independent. LSH which uses random linear partitions
may give very unbalanced partitions. RBMs and Boosting both find good partitions, but
the partitions can be highly dependent on each other.

3 Results

In addition to the synthetic results we applied the different algorithms to the image databases
discussed in [3]. Figure 5 shows retrieval results for spectral hashing, RBMs and boosting
on the “labelme” dataset. Note that even though the spectral hashing uses a terrible model
of the statistics of the database — it simply assumes a N dimensional rectangle, it performs
better than boosting which actually uses the distribution (the difference in performance
relative to RBMs is not significant). Not only is the performance numerically better, but

6

• Red: outer-product eigenfunctions: excluded

• Better to cut long dimension first

• Lower spatial frequencies are better than higher ones
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• Thresholding the analytical eigenfunctions at zero, to obtain binary codes.

This simple algorithm has two obvious limitations. First, it assumes a multidimensional
uniform distribution generated the data. We have experimented with using multidimensional
Gaussians instead. Second, even though it avoids the trivial 3 way dependencies that arise
from outer-product eigenfunctions, other high-order dependencies between the bits may
exist. We have experimented with using only frequencies that are powers of two to avoid
these dependencies. Neither of these more complicated variants of spectral hashing gave a
significant improvement in performance in our experiments.

Figure 4a compares the performance of spectral hashing to LSH, RBMs and Boosting on a
2D rectangle and figure 3 visualizes the Hamming balls for the different methods. Despite
the simplicity of spectral hashing, it outperforms the other methods. Even when we apply
RBMs and Boosting to the output of spectral hashing the performance does not improve.
A similar pattern of results is shown in high dimensional synthetic data (figure 4b).

Some insight into the superior performance can be obtained by comparing the partitions
that each bit defines on the data (figures 2,1). Recall that we seek partitions that give low
cut value and are approximately independent. LSH which uses random linear partitions
may give very unbalanced partitions. RBMs and Boosting both find good partitions, but
the partitions can be highly dependent on each other.

3 Results

In addition to the synthetic results we applied the different algorithms to the image databases
discussed in [3]. Figure 5 shows retrieval results for spectral hashing, RBMs and boosting
on the “labelme” dataset. Note that even though the spectral hashing uses a terrible model
of the statistics of the database — it simply assumes a N dimensional rectangle, it performs
better than boosting which actually uses the distribution (the difference in performance
relative to RBMs is not significant). Not only is the performance numerically better, but
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Spectral hashing
Algorithm

1. Rotate data points by PCA.

2. Evaluate k smallest eigenvalues for each PCA direction.

3. Sort the kd eigenvalues, exclude outer-product ones, and select the k
smallest.

4. Set hash function hj(x) = sgn(φj(x)) for each of the corresponding k
eigenfunctions φj .



Spectral hashing
Result on LabelMe
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Figure 4: left: results on 2D rectangles with different methods. Even though spectral
hashing is the simplest, it gives the best performance. right: Similar pattern of results for
a 10 dimensional distribution.
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Figure 5: Performance of different binary codes on the LabelMe dataset described in [3]. The
data is certainly not uniformly distributed, and yet spectral hashing gives better retrieval
performance than boosting and LSH.

our visual inspection of the retrieved neighbors suggests that with a small number of bits,
the retrieved images are better using spectral hashing than with boosting.

Figure 6 shows retrieval results on a dataset of 80 million images. This dataset is obviously
more challenging and even using exhaustive search some of the retrieved neighbors are se-
mantically quite different. Still, the majority of retrieved neighbors seem to be semantically
relevant, and with 64 bits spectral hashing enables this peformance in fractions of a second.

4 Discussion

We have discussed the problem of learning a code for semantic hashing. We defined a hard
criterion for a good code that is related to graph partitioning and used a spectral relaxation
to obtain an eigenvector solution. We used recent results on convergence of graph Laplacian
eigenvectors to obtain analytic solutions for certain distributions and showed the importance
of avoiding redundant bits that arise from separable distributions.

The final algorithm we arrive at, spectral hashing, is extremely simple - one simply performs
PCA on the data and then fits a multidimensional rectangle. The aspect ratio of this mul-
tidimensional rectangle determines the code using a simple formula. Despite this simplicity,
the method is comparable, if not superior, to state-of-the-art methods.
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Iterative quantization
[Gong and Lazebnik ’11]

Quantize each data point to the closest vertex of the binary cube,
(±1,±1).

−1 0 1
−1

0

1

Average quantization error: 1.00

(a) PCA aligned.

−1 0 1
−1

0

1

Average quantization error: 0.93

(b) Random Rotation.

−1 0 1
−1

0

1

Average quantization error: 0.88

(c) Optimized Rotation.

Figure 1. Toy illustration of the proposed ITQ method (see Section
2 for details). The basic binary encoding scheme is to quantize
each data point to the closest vertex of the binary cube, (±1,±1)
(this is equivalent to quantizing points according to their quad-
rant). (a) The x and y axes correspond to the PCA directions of
the data. Note that quantization assigns points in the same cluster
to different vertices. (b) Randomly rotated data – the variance is
more balanced and the quantization error is lower. (c) Optimized
rotation found by ITQ – quantization error is lowest, and the par-
titioning respects the cluster structure.

ternating minimization approach for refining the initial or-
thogonal transformation to reduce quantization error. This
approach, dubbed iterative quantization (ITQ) has con-
nections to the orthogonal Procrustes problem [15] and to
eigenvector discretization for multi-class spectral partition-
ing [22], and in our experiments it outperforms the methods
of [12, 19, 21]. Moreover, ITQ can be coupled not only with
PCA, but with any projection onto an orthogonal basis. In
particular, we show how to combine ITQ with canonical
correlation analysis (CCA) to incorporate information from
clean or noisy class labels in order to improve the semantic
consistency of the code.

The rest of this paper is organized as follows. The ITQ
method is described in Section 2. The experimental evalu-
ation presented in Section 3 shows results for the unsuper-
vised scenario, where ITQ is applied to PCA-projected data.
Section 4 describes the supervised version of our method
based on CCA.

2. Unsupervised Code Learning
In this section, we address the problem of learning bi-

nary codes without any supervisory information in the form
of class labels. We first apply linear dimensionality reduc-
tion to the data, and then perform binary quantization in the
resulting space. For the first step, discussed in Section 2.1,
we follow the maximum variance formulation of [19, 21],
which yields PCA projections. The major novelty of our
method is in the second step (Section 2.2), where we try to
preserve the locality structure of the projected data by ro-
tating it so as to minimize the discretization error. Figure 1
illustrates the idea behind our method.

Let us first introduce our notation. We have a set of n
data points {x1,x2, . . . ,xn}, xi ∈ Rd, that form the rows

of the data matrix X ∈ Rn×d. We assume that the points
are zero-centered, i.e.,

∑n
i=1 xi = 0. Our goal is to learn

a binary code matrix B ∈ {−1, 1}n×c, where c denotes the
code length.1 For each bit k = 1, . . . , c, the binary encoding
function is defined by hk(x) = sgn(xwk), where wk is a
column vector of hyperplane coefficients and sgn(v) = 1 if
v ≥ 0 and 0 otherwise. For a matrix or a vector, sgn(·) will
denote the result of element-wise application of the above
function. Thus, we can write the entire encoding process
as B = sgn(XW ), where W ∈ Rd×c is the matrix with
columns wk.

2.1. Dimensionality Reduction

Following the formulation of [19, 21], we want to pro-
duce an efficient code in which the variance of each bit is
maximized and the bits are pairwise uncorrelated. We can
do this by maximizing the following objective function:

I(W ) =
∑

k

var(hk(x)) =
∑

k

var(sgn(xwk)) ,

1

n
BTB = I .

As shown in [19], the variance is maximized by encod-
ing functions that produce exactly balanced bits, i.e., when
hk(x) = 1 for exactly half of the data points and−1 for the
other half. However, the requirement of exact balancedness
makes the above objective function intractable. Adopting
the same signed magnitude relaxation as in [19], we get the
following continuous objective function:

Ĩ(W ) =
∑

k

E(‖xwk‖22) =
1

n

∑

k

wT
kX

TXwk

=
1

n
tr(WTXTXW ) , WTW = I . (1)

The constraintWTW = I requires the hashing hyperplanes
to be orthogonal to each other, which is a relaxed version
of the requirement that code bits be pairwise decorrelated.
This objective function is exactly the same as that of Prin-
cipal Component Analysis (PCA). For a code of c bits, we
obtain W by taking the top c eigenvectors of the data co-
variance matrix XTX .

2.2. Binary Quantization

Let v ∈ Rc be a vector in the projected space. It is easy
to show (see below) that sgn(v) is the vertex of the hyper-
cube {−1, 1}c closest to v in terms of Euclidean distance.
The smaller the quantization loss ‖ sgn(v)−v‖2, the better
the resulting binary code will preserve the original locality
structure of the data. Now, going back to eq. (1), it is clear

1In our formulation, the entries of B take on values {−1, 1} instead
of {0, 1} because the proposed quantization-based scheme of Section 2.2
requires both the data and the binary cube to be zero-centered.
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Iterative quantization
Formulation

• Assume data points to be zero centered, X1 = 0.

• Assume hash functions yj = hj(x) = sgn(aj · x), or Y = sgn(A>X).

• Drop similarity preservation

• Balance hj(x) · 1 = 0 is equivalent to variance of hj(x) being
maximized:

maximize
∑

j var(sgn(a>j X))

subject to 1
nY Y

> = I.



Iterative quantization
Relaxation

• Drop sgn.

• Relax correlation constraint by just requiring hyperplanes to be
orthogonal:

maximize tr(A>XX>A)
subject to A>A = I,

and a solution consists of the k eigenvectors of data covariance matrix
XX> with maximal eigenvalue.

• See also semi-supervised hashing [Wang et al. ’10].
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Iterative quantization
Refinement

• But, if A is an optimal solution, then so is AR> for orthogonal
R ∈ Rk×k.

• So, if Z = A>X is the projected data, define loss

E(Y,R) = ‖Y −RZ‖2F
and repeat
• Fix R, update Y ← sgn(RZ)
• Fix Y , update R← UV > where Y Z> = USV > (align by SVD)

• See also multiclass spectral clustering [Yu & Shi ’03].
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Iterative quantization
Result on CIFAR
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Figure 3. Comparative evaluation on CIFAR dataset. (a) Performance is measured by mean average precision (mAP) for retrieval using top
50 Euclidean neighbors of each query point as true positives. Refer to Figure 4 for the complete recall-precision curves for the state-of-the-
art methods. (b) Performance is measured by the averaged precision of top p ranked images for each query where ground truth is defined
by semantic class labels. Refer to Figure 5 for the complete class label precision curves for the state-of-the-art methods.

the CIFAR images, which are included among the 580,000
images, all the other images lack manually supplied ground
truth labels, but they come associated with one of 388 In-
ternet search keywords. In this section, we use the CIFAR
ground-truth labels to evaluate the semantic consistency of
our codes, and in Section 4, we will use the “noisy” key-
word information associated with the remaining Tiny Im-
ages to train a supervised linear embedding.

The original Tiny Images are 32 × 32 pixels. We repre-
sent them with grayscale GIST descriptors [11] computed
at 8 orientations and 4 different scales, resulting in 320-
dimensional feature vectors. Because our method (as well
as many other state-of-the-art methods) cannot use more
bits than the original dimension of the data, we limit our-
selves to evaluating code sizes up to 256 bits.

3.2. Protocols and Baseline Methods

We follow two evaluation protocols widely used in re-
cent papers [12, 19, 21]. The first one is to evaluate perfor-
mance of nearest neighbor search using Euclidean neigh-
bors as ground truth. As in [12], a nominal threshold of the
average distance to the 50th nearest neighbor is used to de-
termine whether a database point returned for a given query
is considered a true positive. Then, based on the Euclidean
ground truth, we compute the recall-precision curve and the
mean average precision (mAP), or the area under the re-
call precision curve. Second, we evaluate the semantic con-
sistency of codes produced by different methods by using
class labels as ground truth. For this case, we report the av-
eraged precision of top 500 ranked images for each query
as in [20]. For all experiments, we randomly select 1000
points to serve as test queries. The remaining images form
the training set on which the code parameters are learned,
as well as the database against which the queries are per-
formed. All the experiments reported in this paper are aver-
aged over 5 random training/test partitions.

We compare our ITQ method to three baseline methods

that follow the basic hashing scheme H(X) = sgn(XW̃ ),
where the projection matrix W̃ is defined in different ways:

1. LSH: W̃ is a Gaussian random matrix [1]. Note that in
theory, this scheme has locality preserving guarantees
only for unit-norm vectors. While we do not normalize
our data to unit norm, we have found that it still works
well as long as the data is zero centered.

2. PCA-Direct: W̃ is simply the matrix of top c PCA di-
rections. This baseline is included to show what hap-
pens when we do not rotate the PCA-projected data
prior to quantization.

3. PCA-RR: W̃ = WR, where W is the matrix of PCA
directions and R is a random orthogonal matrix. This
is the initialization of ITQ, as described in Section 2.2.

We also compare ITQ to three state-of-the-art methods us-
ing code provided by the authors:

1. SH [21]: Spectral Hashing. This method is based
on quantizing the values of analytical eigenfunctions
computed along PCA directions of the data.

2. SKLSH [12]: This method is based on the random fea-
tures mapping for approximating shift-invariant ker-
nels [13]. In [12], this method is reported to outper-
form SH for code sizes larger than 64 bits. We use a
Gaussian kernel with bandwidth set to the average dis-
tance to the 50th nearest neighbor as in [12].

3. PCA-Nonorth [19]: Non-orthogonal relaxation of
PCA. This method is reported in [19] to outperform
SH. Note that instead of using semi-supervised PCA as
in [19], the evaluation of this section uses standard un-
supervised PCA (a supervised embedding will be used
in Section 4).

Note that of all the six methods above, LSH and SKLSH are
the only ones that rely on randomized data-independent lin-
ear projections. All the other methods, including our PCA-
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II. Quantization



Vector quantization
[Gray ’84]

minimize E(C) =
∑

x∈X
min
c∈C
‖x− c‖2 =

∑

x∈X
‖x− q(x)‖2

distortion dataset codebook quantizer
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Vector quantization
[Gray ’84]

• For small distortion → large k = |C|:
• hard to train
• too large to store
• too slow to search



Product quantization
[Jégou et al. ’11]

minimize
∑

x∈X
min
c∈C
‖x− c‖2

subject to C = C1 × · · · × Cm



Product quantization
[Jégou et al. ’11]

• train: q = (q1, . . . , qm) where q1, . . . , qm obtained by VQ

• store: |C| = km with |C1| = · · · = |Cm| = k

• search: ‖y − q(x)‖2 =

m∑

j=1

‖yj − qj(xj)‖2 where qj(xj) ∈ Cj



Optimized product quantization
[Ge et al. ’13]

minimize
∑

x∈X
min
ĉ∈Ĉ
‖x−Rĉ‖2

subject to Ĉ = C1 × · · · × Cm
R>R = I



Optimized product quantization
Non-parametric solution

rotate: X̂ ← RX

update: q ← PQ(X̂) [one step]

assign: Y ← q(X̂)
align: R← UV > where Y X> = USV >

• From PQ only one step of centroid update is needed, because update
of R does not alter assignment.

• Alignment minimizes ‖Y −RX‖2F , as in ITQ.
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Optimized product quantization
Parametric solution for x ∼ N (0,Σ)

• From rate-distortion theory, distortion satisfies

E ≥ k−2/dd|Σ|1/d

and practical distortion achieved by k-means is typically within ∼ 5%
of the bound. So after rotation Σ̂ = RΣR>,

EPQ ≥ k−2m/d
d

m

m∑

i=1

|Σ̂ii|m/d

• But, by arithmetic-geometric means and Fisher’s inequalities,

1

m

m∑

i=1

|Σ̂ii|m/d≥
m∏

i=1

|Σ̂ii|1/d≥|Σ̂|1/d = |Σ|1/d

with equality implying balanced variance and independence.
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Optimized product quantization
Parametric solution for x ∼ N (0,Σ)

• independence: PCA-align by diagonalizing Σ as UΛU>

• balanced variance: permute Λ by π such that
∏
i λi is constant in

each subspace; R← UP>π
• find Ĉ by PQ on rotated data X̂ = RX



Locally optimized product quantization
[Kalantidis & Avrithis ’14]

• compute residuals r(x) = x− q(x) on coarse quantizer q

• collect residuals Zi = {r(x) : q(x) = ci} per cell

• train (Ri, qi)← OPQ(Zi) per cell



Locally optimized product quantization
[Kalantidis & Avrithis ’14]

• residual distributions closer to Gaussian assumption

• better captures the support of data distribution, like local PCA
• multimodal (e.g. mixture) distributions
• distributions on nonlinear manifolds



Local principal component analysis
[Kambhatla & Leen ’97]

Copyright © 2001 All Rights Reserved

But, we are not doing dimensionality reduction!



III. Non-exhaustive search



Non-exhaustive search
[Jégou et al. ’11] 8

The product quantizer is learned on a set of residual
vectors collected from a learning set. Although the
vectors are quantized to different indexes by the coarse
quantizer, the resulting residual vectors are used to learn
a unique product quantizer. We assume that the same
product quantizer is accurate when the distribution of the
residual is marginalized over all the Voronoi cells. This
probably gives inferior results to the approach consisting
of learning and using a distinct product quantizer per
Voronoi cell. However, this would be computationally
expensive and would require storing k′ product quantizer
codebooks, i.e., k′×d×k∗ floating points values, which
would be memory-intractable for common values of k′.

B. Indexing structure

We use the coarse quantizer to implement an inverted
file structure as an array of lists L1 . . .Lk′ . If Y is the
vector dataset to index, the list Li associated with the
centroid ci of qc stores the set {y ∈ Y : qc(y) = ci}.

In inverted list Li, an entry corresponding to y
contains a vector identifier and the encoded residual
qp(r(y)):

field length (bits)
identifier 8–32
code mdlog2 k∗e

The identifier field is the overhead due to the inverted
file structure. Depending on the nature of the vectors
to be stored, the identifier is not necessarily unique.
For instance, to describe images by local descriptors,
image identifiers can replace vector identifiers, i.e., all
vectors of the same image have the same identifier.
Therefore, a 20-bit field is sufficient to identify an
image from a dataset of one million. This memory cost
can be reduced further using index compression [27],
[28], which may reduce the average cost of storing the
identifier to about 8 bits, depending on parameters2. Note
that some geometrical information can also be inserted
in this entry, as proposed in [20] and [27].

C. Search algorithm

The inverted file is the key to the non-exhaustive
version of our method. When searching the nearest
neighbors of a vector x, the inverted file provides a
subset of Y for which distances are estimated: only the
inverted list Li corresponding to qc(x) is scanned.

However, x and its nearest neighbor are often not
quantized to the same centroid, but to nearby ones. To

2An average cost of 11 bits is reported in [27] using delta encoding
and Huffman codes.

Fig. 5. Overview of the inverted file with asymmetric distance
computation (IVFADC) indexing system. Top: insertion of a vector.
Bottom: search.

address this problem, we use the multiple assignment
strategy of [29]. The query x is assigned to w indexes
instead of only one, which correspond to the w nearest
neighbors of x in the codebook of qc. All the correspond-
ing inverted lists are scanned. Multiple assignment is not
applied to database vectors, as this would increase the
memory usage.

Figure 5 gives an overview of how a database is
indexed and searched.

Indexing a vector y proceeds as follows:
1) quantize y to qc(y)

2) compute the residual r(y) = y − qc(y)

3) quantize r(y) to qp(r(y)), which, for the product
quantizer, amounts to assigning uj(y) to qj(uj(y)),
for j = 1 . . .m.

4) add a new entry to the inverted list corresponding
to qc(y). It contains the vector (or image) identi-
fier and the binary code (the product quantizer’s
indexes).

Searching the nearest neighbor(s) of a query x consists
of

1) quantize x to its w nearest neighbors in the code-
book qc;

For the sake of presentation, in the two next steps
we simply denote by r(x) the residuals associated
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measured by recall@100. The analysis is restricted to
the parameters k∗=256 and m ∈ {4, 8}.

Overall, the choice of the components appears to have
a significant impact of the results. Using a random order
instead of the natural order leads to poor results. This
is true even for GIST, for which the natural order is
somewhat arbitrary.

The “structured” order consists in grouping together
dimensions that are related. For the m = 4 SIFT quan-
tizer, this means that the 4×4 patch cells that make up the
descriptor [23] are grouped into 4 2× 2 blocks. For the
other two, it groups together dimensions that have have
the same index modulo 8. The orientation histograms of
SIFT and most of GIST’s have 8 bins, so this ordering
quantizes together bins corresponding to the same orien-
tation. On SIFT descriptors, this is a slightly less efficient
structure, probably because the natural order corresponds
to spatially related components. On GIST, this choice
significantly improves the performance. Therefore, we
use this ordering in the following experiments.

Discussion: A method that automatically groups the
components could further improve the results. This
seems particularly important if we have no prior knowl-
edge about the relationship between the components
as in the case of bag-of-features. A possible solution
is the minimum sum-squared residue co-clustering [30]
algorithm.

D. Comparison with the state of the art

Comparison with Hamming embedding methods: We
compare our approach to spectral hashing (SH) [19],
which maps vectors to binary signatures. The search
consists in comparing the Hamming distances between
the database signatures and the query vector signature.
This approach was shown to outperform the restricted
Boltzmann machine of [17]. We have used the publicly
available code. We also compare to the Hamming em-
bedding (HE) method of [20], which also maps vectors
to binary signatures. Similar to IVFADC, HE uses an
inverted file, which avoids comparing to all the database
elements.

Figures 8 and 9 show, respectively for the SIFT and
the GIST datasets, the rank repartition of the nearest
neighbors when using a signature of size 64 bits. For our
product quantizer we have used m = 8 and k∗ = 256,
which give similar results in terms of run time. All our
approaches significantly outperform spectral hashing4 on

4In defense of [17], [19], which can be learned for arbitrary
distance measures, our approach is adapted to the Euclidean distance
only.
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ing [19]. We have used m=8, k∗=256 for SDC/ADC and k′ = 1024
for IVFADC.

the two datasets. To achieve the same recall as spectral
hashing, ADC returns an order of magnitude less vectors.

The best results are obtained by IVFADC, which for
low ranks provides an improvement over ADC, and
significantly outperforms spectral hashing. This strategy
avoids the exhaustive search and is therefore much
faster, as discussed in the next subsection. This partial
scan explains why the IVFADC and HE curves stop at
some point, as only a fraction of the database vectors
are ranked. Comparing these two approaches, HE is
significantly outperformed by IVFADC. The results of
HE are similar to spectral hashing, but HE is more
efficient.
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Comparison with FLANN: The approximate nearest-
neighbor search technique of Muja & Lowe [9] is based
on hierarchical structures (KD-trees and hierarchical k-
means trees). The software package FLANN automat-
ically selects the best algorithm and parameters for a
given dataset. In contrast with our method and spectral
hashing, all vectors need to remain in RAM as the
method includes a re-ranking stage that computes the
real distances for the candidate nearest neighbors.

The evaluation is performed on the SIFT dataset by
measuring the 1-recall@1, that is, the average proportion
of true NNs ranked first in the returned vectors. This
measure is referred to as precision in [9].

For the sake of comparison with FLANN, we added
a verification stage to our IVFADC method: IVFADC
queries return a shortlist of R candidate nearest neigh-
bors using the distance estimation. The vectors in the
shortlist are re-ordered using the real distance, as done
in [7], [9], and the closest one is returned. Note that, in
this experimental setup, all the vectors are stored in main
memory. This requirement seriously limits the scale on
which re-ordering can be used.

The IVFADC and FLANN methods are both evaluated
at different operating points with respect to precision and
search time. For FLANN, the different operating points
are obtained with parameters generated automatically for
various target precisions. For IVFADC, they are obtained
by varying the number k′ of coarse centroids, the number
w of assignments and the short-list size R. The product
quantizer is generated using k∗=256 and m=8, i.e., 64-
bit codes. This choice is probably not optimal for all
operating points.

Figure 10 shows that the results obtained by IVFADC
are better than those of FLANN for a large range of
operating points. Moreover, our method has a much
smaller memory footprint than FLANN: the indexing
structure occupies less than 25 MB, while FLANN
requires more than 250 MB of RAM. Note, however, that
both are negligible compared to the memory occupied
by the vectors in the case of large datasets. On such
a scale, the re-ranking stage is not feasible and only
memory-aware approaches (HE, SH and our methods)
can be used.

E. Complexity and speed

Table V reports the search time of our methods.
For reference, we report the results obtained with the
spectral hashing algorithm of [19] on the same dataset
and machine (using only one core). Since we use a
separate learning set, we use the out-of-sample evalu-
ation of this algorithm. Note that for SH we have re-
implemented the Hamming distance computation in C
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by the shortlist size R used for re-ranking the vector with the L2
distance, and the two parameters w and k′ of the inverted file, which
correspond to the number of assignments and to the number of coarse
centroids.

in order to have the approaches similarly optimized.
The algorithms SDC, ADC and SH have similar run
times. IVFADC significantly improves the performance
by avoiding an exhaustive search. Higher values of k′

yield higher search efficiencies for large datasets, as the
search benefits from parsing a smaller fraction of the
memory. However, for small datasets, the complexity of
the coarse quantizer may be the bottleneck if k′ ×D >
n/k′ when using a exhaustive assignment for qc. In
that case the ADC variant may be preferred. For large
datasets and using an efficient assignment strategy for
the coarse quantizer, higher values of k′ generally lead
to better efficiency, as first shown in [15]. In this work,
the authors propose a hierarchical quantizer to efficiently
assign descriptors to one million centroids.

F. Large-scale experiments

To evaluate the search efficiency of the product quan-
tizer method on larger datasets we extracted about 2
billion SIFT descriptors from one million images. Search
is performed with 30 000 query descriptors from ten
images. We compared the IVFADC and HE methods
with similar parameters. In particular, the amount of
memory that is scanned for each method and the cost
of the coarse quantization are the same.

The query times per descriptor are shown on Fig-
ure 11. The cost of the extra quantization step required
by IVFADC appears clearly for small database sizes.
For larger scales, the distance computation with the
database vectors become preponderant. The processing
that is applied to each element of the inverted lists is
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Optimized product quantization
Result on SIFT1M

Notice that in these settings we have assumed there is no
prior knowledge available. Later we will study the case
with prior knowledge.

Given the code-length B, all the PQ-based methods
(OPQNP, OPQP, PQRO, PQRR) assign 8 bits to each subspace
(k ¼ 256). The subspace number M is B=8.

Results in the synthetic data set. Fig. 3 shows the perfor-
mance on the synthetic Gaussian data. Here we evaluate by
the recall versus N , i.e., the proportion of the true nearest
neighbors ranked in the top N positions. We can see that
OPQNP and OPQP perform almost the same. We verify that
OPQP have achieved the theoretical minimum in (14)
(6:314� 10�3). This implies that, under a Gaussian distribu-
tion, our parametric solution is optimal.

On the contrary, PQRO and PQRR perform substantially
worse. In the Gaussian data, the PQRR performs worse than
ITQ. This indicates that the subspace decomposition can be
very important to the performance of PQ, even under a sim-
ple Gaussian distribution. Besides, we find PQRO performs
better than PQRR. This is because in the independent Gauss-
ian distribution, PQRO automatically satisfies the
“independence” criterion, and the random order can some-
what “balance” the variances of the subspaces.

Results in real data sets without prior knowledge. Next we
evaluate the performance on real data sets and assume
the prior knowledge is not available. We are particularly
interested in the lack of prior knowledge, because we
expect the methods to work well in general data that are
unstructured, such as raw pixels or compressed repre-
sentations (by PCA, sparse coding, etc.). Many previous
works focus on the highly structured SIFT/GIST vectors
and harness these structures. But this limits the investi-
gation on general data.

All the above methods can be considered as somewhat
blind to the prior knowledge. This is because the effects of
the structures are weakened if the vectors undergo some
PCA, random ordering, or random rotation.

In Figs. 4, 5, and 6 we compare the results on SIFT1M,
GIST1M, and MNIST. We show the recall versus N with
B ¼ 64 bits using SDC/ADC ((a) and (b) of Figs. 4, 5, and 6),
and the mAP versus code length B using SDC ((c) of Figs. 4,
5, and 6). We can also evaluate their quantization distortion
versus code length B ((d) of Figs. 4, 5, and 6). More compari-
sons evaluated by different metrics are given in the supple-
mentary materials, which can be found on the Computer

Society Digital Library at http://doi.ieeecomputersociety.
org/10.1109/TPAMI.2013.240.

We find our both solutions substantially outperform
the existing methods. The superiority of our methods
present on both SDC and ADC. In all cases even our sim-
ple parametric method OPQP has shown prominent
improvement over PQRO and PQRR. This again indicates
that PQ-based methods strongly depend on the space
decomposition. We also notice the performance of PQRR

is disappointing. Although this method (and the House-
holder transform in [3]) can balance the variance using a
random rotation, the independence between subspaces is
lost in the random rotation.

Our non-parametric solution OPQNP further improves
the results of the parametric solution OPQP in the SIFT1M
and MNIST data sets. This is because these two data sets
exhibit non-Gaussian distributions: the SIFT1M set has two
distinct clusters (this can be visualized by plotting the first
two principal components of SIFT), and MNIST can be
expected to have 10 clusters. In these very non-Gaussian

Fig. 3. Comparison on Gaussian synthetic data using symmetric dis-
tance computation and 32-bit codes.

Fig. 4. Comparisons on SIFT1M. (a) and (b) Recall at the N top ranked
samples, using SDC/ADC and 64-bit codes. (c) Mean Average Precision
versus code-length using SDC. (d) Distortion versus code-length.
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Optimized product quantization
vs. binary codes on SIFT1M

than the other three. This indicates our non-parametric
solution (also Cartesian k-means) relies on the initializa-
tions. Our Eigenvalue Allocation provides a better initiali-
zation in the GIST data set.

4.1.2 Comparisons with Binary Embedding Methods

Binary embedding is a popular way of encoding vectors [9],
[15], [16], [17], [18], [19], [27]. For nearest neighbor search,
one can rank the encoded data vectors by their Hamming
distance to the encoded query. Not all binary embedding
methods (except ITQ or orthogonal ones) can be formulated
as vector quantization (encoding/decoding) in Section 2.1,
because these binary methods only have partition bound-
aries but no codeword.

We compare with the following binary embedding meth-
ods: locality sensitive hashing (LSH) [15], spectral hashing
[16], binary reconstructive embedding (BRE) [17], minimal
loss hashing (MLH) [18], and kernel-based supervised hash-
ing (KSH) [19]. We also compare with multidimensional
spectral hashing (MDSH) [34], which uses weighted Ham-
ming distances.

Fig. 8 shows the comparisons on SIFT1M/GIST1M using
64 bits. For fair comparisons, our methods use SDC here.
We see our OPQNP and OPQP substantially outperform
these binary embedding methods.

4.2 Building Inverted Multi-Index for
Non-Exhaustive Search

The inverted multi-index method [2] uses a product
quantizer for inverted indexing. Our optimized product
quantizer can improve the performance of the resulted
inverted indexing.

We briefly introduce the method of [2] as follows. To
generate a fine codebook with kM codewords, this method
applies a product quantizer using M subspaces with k
sub-codeword in each. Unlike [1] that uses this codebook
to encode the data, this method uses it to build inverted
indexing. Offline, each codeword has been assigned a
short list that contains all the data vectors belonging to
this codeword (i.e., nearest to it). Online, a query will

Fig. 8. Comparisons with binary embedding methods using 64 bits.
(a) SIFT1M. (b) GIST1M.

TABLE 4
mAP on GIST1M (64 bits, ADC)

Fig. 7. Comparisons using prior knowledge. (a): SIFT1M. (b): GIST1M.
Here the results are with 64 bits and SDC.

Fig. 9. OPQ for inverted multi-index [2]. Here the original inverted multi-
index [2] is termed as “Multi”, and our optimized PQ for inverted multi-
index is termed as “OMulti”. This figure corresponds to [2, Fig. 3 (left)].
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Inverted multi-index
[Babenko & Lempitsky ’12]
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Figure 1. Indexing the set of 600 points (small black) distributed non-uniformly within the unit 2D square. Left – the inverted index based
on standard quantization (the codebook has 16 2D codewords; boundaries are in green). Right – the inverted multi-index based on product
quantization (each of the two codebooks has 16 1D codewords). The number of operations needed to match a query to codebooks is the
same for both structures. Two example queries are issued (light-blue and light-red circles). The lists returned by the inverted index (left)
contain 45 and 62 words respectively (circled). Note that when a query lies near a space partition boundary (as happens most often in high
dimensions) the resulting list is heavily “skewed” and may not contain many of the nearest neighbors. Note also that the inverted index
is not able to return lists of a pre-specified small length (e.g. 30 points). For the same queries, the candidate lists of at least 30 vectors
are requested from the inverted multi-index (right) and the lists containing 31 and 32 words are returned (circled). As even such short
lists require visiting several nearest cells in the partition (which can be done efficiently via the multi-sequence algorithm), the resulting
vector sets span the neighborhoods that are much less “skewed” (i.e., the neighborhoods are approximately centered at the queries). In high
dimensions, the capability to visit many cells that surround the query from different directions translates into considerably higher accuracy
of retrieval and nearest neighbor search.

multi-index table corresponds to a part of the original vec-
tor space and contains a list of points that fall within that
part. Importantly, we propose a simple and efficient algo-
rithm that produces a sequence of multi-index entries or-
dered by the increasing distance between the given query
vector and the centroid of the corresponding entry. Simi-
larly to standard inverted indices, concatenating the vector
lists for a certain number of entries that are closest to the
query vector then produces the candidate list.

Crucially, given comparable time budgets for querying
the dataset as well as for the initial index construction, in-
verted multi-indices subdivide the vector space orders of
magnitude more densely compared to standard inverted in-
dices (Figure 1). Our experiments demonstrate the ad-
vantages resulting from this property, in particular in the
context of very large scale approximate nearest neighbor
search. We evaluate the inverted multi-index on the BI-
GANN dataset of 1 billion SIFT vectors recently introduced
by Jegou et al. [11] as well as on the “Tiny Images” dataset
of 80 million GIST vectors introduced by [24]. We show
that as a result of the “extra-fine” granularity, the candidate
lists produced by querying multi-indices are more accurate
(have shorter lengths and higher probability of containing
true nearest neighbors) compared to standard inverted in-
dices. We also demonstrate that in combination with a suit-
able reranking procedure, multi-indices substantially im-
prove the state-of-the-art approximate nearest neighbor re-
trieval performance on the BIGANN dataset.

2. Related Work

The use of inverted indices has a long history in infor-
mation retrieval [15]. Their use in computer vision was pi-

oneered by Sivic and Zisserman [23]. Since then, a large
number of improvements that transfer further ideas from
text retrieval (e.g. [4]), improve the quantization process
(e.g. [20]), and integrate the query process with geomet-
ric verification (e.g. [27]) have been proposed. Many of
these improvements can be used in conjunction with in-
verted multi-indices in the same way as with regular in-
verted indices.

Approximate near(est) neighbor (ANN) search is a core
operation in AI. ANN-systems based on tree-based indices
(e.g. [2]) as well as on random projections (e.g. [7]) are
often employed. However, the large memory footprint of
these methods limits their use to smaller datasets (up to mil-
lions of vectors). Recently, lossy compression schemes that
admit both compact storage and efficient distance evalua-
tions and are therefore more suitable for large-scale datasets
have been developed. Towards this end, binary encoding
schemes (e.g. [22, 25, 21]) as well as product quantization
[9] have brought down both memory consumption and dis-
tance evaluation time by order(s) of magnitude compared
to manipulating uncompressed vectors, to the point where
exhaustive search can be used to query rather large datasets
(up to many millions of vectors).

The idea of fast distance computation via product quan-
tization introduced by Jegou et al. [9] has served as a pri-
mary inspiration for this work. Our contribution, however,
is complementary to that of [9]. In fact, the systems pre-
sented by Jegou et al. in [9, 11, 10] use standard inverted
indices and, consequently, have to rerank rather long can-
didate lists when querying very large datasets in order to
achieve high recall. Unlike [9, 11, 10], we focus on the
use of PQ for indexing and candidate list generation. We
also note that while we combine multi-indices with the PQ-

• decompose vectors as x = (x1,x2)

• train codebooks C1, C2 from datasets {x1
n}, {x2

n}
• induced codebook C1 × C2 gives a finer partition

• given query q, visit cells (c1, c2) ∈ C1 × C2 in ascending order of
distance to q by multi-sequence algorithm
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multi-index table corresponds to a part of the original vec-
tor space and contains a list of points that fall within that
part. Importantly, we propose a simple and efficient algo-
rithm that produces a sequence of multi-index entries or-
dered by the increasing distance between the given query
vector and the centroid of the corresponding entry. Simi-
larly to standard inverted indices, concatenating the vector
lists for a certain number of entries that are closest to the
query vector then produces the candidate list.

Crucially, given comparable time budgets for querying
the dataset as well as for the initial index construction, in-
verted multi-indices subdivide the vector space orders of
magnitude more densely compared to standard inverted in-
dices (Figure 1). Our experiments demonstrate the ad-
vantages resulting from this property, in particular in the
context of very large scale approximate nearest neighbor
search. We evaluate the inverted multi-index on the BI-
GANN dataset of 1 billion SIFT vectors recently introduced
by Jegou et al. [11] as well as on the “Tiny Images” dataset
of 80 million GIST vectors introduced by [24]. We show
that as a result of the “extra-fine” granularity, the candidate
lists produced by querying multi-indices are more accurate
(have shorter lengths and higher probability of containing
true nearest neighbors) compared to standard inverted in-
dices. We also demonstrate that in combination with a suit-
able reranking procedure, multi-indices substantially im-
prove the state-of-the-art approximate nearest neighbor re-
trieval performance on the BIGANN dataset.

2. Related Work

The use of inverted indices has a long history in infor-
mation retrieval [15]. Their use in computer vision was pi-

oneered by Sivic and Zisserman [23]. Since then, a large
number of improvements that transfer further ideas from
text retrieval (e.g. [4]), improve the quantization process
(e.g. [20]), and integrate the query process with geomet-
ric verification (e.g. [27]) have been proposed. Many of
these improvements can be used in conjunction with in-
verted multi-indices in the same way as with regular in-
verted indices.

Approximate near(est) neighbor (ANN) search is a core
operation in AI. ANN-systems based on tree-based indices
(e.g. [2]) as well as on random projections (e.g. [7]) are
often employed. However, the large memory footprint of
these methods limits their use to smaller datasets (up to mil-
lions of vectors). Recently, lossy compression schemes that
admit both compact storage and efficient distance evalua-
tions and are therefore more suitable for large-scale datasets
have been developed. Towards this end, binary encoding
schemes (e.g. [22, 25, 21]) as well as product quantization
[9] have brought down both memory consumption and dis-
tance evaluation time by order(s) of magnitude compared
to manipulating uncompressed vectors, to the point where
exhaustive search can be used to query rather large datasets
(up to many millions of vectors).

The idea of fast distance computation via product quan-
tization introduced by Jegou et al. [9] has served as a pri-
mary inspiration for this work. Our contribution, however,
is complementary to that of [9]. In fact, the systems pre-
sented by Jegou et al. in [9, 11, 10] use standard inverted
indices and, consequently, have to rerank rather long can-
didate lists when querying very large datasets in order to
achieve high recall. Unlike [9, 11, 10], we focus on the
use of PQ for indexing and candidate list generation. We
also note that while we combine multi-indices with the PQ-

• decompose vectors as x = (x1,x2)

• train codebooks C1, C2 from datasets {x1
n}, {x2

n}
• induced codebook C1 × C2 gives a finer partition

• given query q, visit cells (c1, c2) ∈ C1 × C2 in ascending order of
distance to q by multi-sequence algorithm
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Figure 2. Top – The overview of the query process within the inverted multi-index. First, the two halves of the query q1 and q2 are
matched w.r.t. sub-codebooks U and V to produce the two sequences of codewords ordered by the distance (denoted r and s) from the
respective query half. Then, those sequences are traversed with the multi-sequence algorithm that outputs the pairs of codewords ordered
by the distance from the query. The lists associated with those pairs are concatenated to produce the answer to the query. Bottom – The
first iterations of the multi-sequence algorithm in this example. Red denotes pairs in the priority queue, blue indicates traversed pairs (the
pair traversed at the current iteration is emphasized). Green numbers correspond to pair indices (i and j), while black symbols give original
codewords (uα(i) and vβ(j)). The numbers in entries are the distances r(i)+s(j) = d

(
q, [uα(i) vβ(j)]

)
.

{(r(i), s(j)) | i = 1 . . . L, j = 1 . . . L} in the or-
der of the increasing sum r(i) + s(j) (which equals
d(q, [uα(i) vβ(j)])). In this way, the centroids [uα(i) vβ(j)]
are visited in the order of increasing distance from q. The
traversal starts from the pair (1, 1) naturally corresponding
to the cell around the centroid [uα(1) vβ(1)], which the
query falls into. During the traversal, the lists Wα(i) β(j)

are concatenated, until the length of the answer exceeds the
predefined length T , at which point the traversal stops.

We propose an algorithm to perform such a traver-
sal (Figure 2-bottom). This multi-sequence algorithm is
based around a priority queue of index pairs (i, j), where
the priority of each pair is defined as − (r(i) + s(j)) =
−d

(
q, [uα(i) vβ(j)]

)
. The queue is initialized with a sin-

gle pair (1, 1). At each subsequent step t, the pair (it, jt)
with top priority (lowest distance from q) is popped from
the queue and considered traversed (the associated list
Wα(i) β(j) is added to the output list). The pairs (it + 1, jt)
and (it, jt+1) are then considered for the insertion into the
priority queue. The pair (it+1, jt) is inserted into the queue
if its other preceding pair (it + 1, jt − 1) has also been tra-
versed (or if jt=1). Similarly, the pair (it, jt+1) is inserted
into the queue if its other preceding pair (it− 1, jt+1) has
also been traversed (or if it=1). The idea is that each pair
is inserted only once when both of its preceding pairs are
traversed.

The multi-sequence algorithm produces a sequence of

pairs (i, j), whose lists Wi,j are accumulated into the query
response. One can prove the correctness of the algorithm:

Corollary 1 (correctness): the multi-sequence algo-
rithm produces the sequence of pairs in the order of in-
creasing r(i) + s(i) and will eventually visit every pair in
{1 . . . L} ⊗ {1 . . . L}.

Regarding the efficiency of the algorithm, one can prove
that the queue within the algorithm grows slow enough:

Corollary 2: at the tth step of the algorithm, when t
pairs have been output, the priority queue is no longer than
0.5 +

√
2t+ 0.25.

The proof of both corollaries and the pseudocode of the
multi-sequence algorithm are given in the supplementary
material.

Inverted index vs. inverted multi-index. Let us now
discuss the relative efficiency of the two indexing structures,
given the same codebook size K. In this situation, the in-
duced subdivision of the space is very different for the stan-
dard inverted index and for the inverted multi-index (Fig-
ure 1). In particular, the standard index maintains K lists
that correspond to the space subdivision into K cells, while
the multi-index maintains K2 lists corresponding to a much
finer subdivision of the space. While the lengths of the cell
lists within the inverted index tend to be balanced (due to
the nature of the k-means algorithm), the distribution of list
lengths within the multi-index is highly non-uniform. In
particular, there are lots of empty lists that correspond to ui



Inverted multi-index
Result on SIFT1B: are NN in candidate lists?
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1 billion SIFTs, K = 214 (solid), K = 212 (dashed) 80 million GISTs, K = 214

Figure 3. Recall as a function of the candidate list length. For the same codebook size K, we compare three systems with similar retrieval
and construction complexities: an inverted index with K codewords, an inverted index with larger codebook (218 codewords) sped up by a
kd-tree search with a maximum of K comparisons, an inverted multi-index with codebooks having K codewords. In all three experiments,
multi-indices returned shorter lists with higher recall.
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Figure 4. Time (in milliseconds) required to retrieve a list of a
particular length from the inverted multi-index and index on the
BIGANN dataset.

is needed. Overall, the recall@T of both baselines was
uniformly worse than the recall@T of the inverted multi-
indices in our experiments. Both, kd-trees and multi-indices
incur some computational overhead over inverted indices
(tree search and multi-sequence algorithm, respectively)
and we now address the question how big this overhead is
for the inverted multi-indices.

How fast is querying an inverted multi-index? To
answer this question, we give the timings for the inverted
multi-indices (K = 212,K = 214) on the BIGANN dataset
as a function of the requested list length in Figure 4. The
multi-index retrieval time essentially remains flat until the
list length grows into many thousands, which means that
the computational cost of the multi-sequence algorithm re-
mains small compared to the quantization. We also give the
timing curves for inverted indices with K = 212, 214. Their
approximately two-fold speed advantage over the second-
order indices (for the same K) stems most likely from the
particular efficiency of vector instructions (BLAS library)
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Recall@T*=10000

Recall@T*=1000

Recall@T*=100

Recall@T*=10

Recall@T*=1

Figure 5. Recall@T ∗ (T ∗ = 1 to 10000) of the Multi-ADC sys-
tem (storing m = 8 extra bytes per vector for reranking) for the
BIGANN dataset. The curves correspond to the Multi-ADC sys-
tem that reranks a candidate list of a certain length T (x-axis)
returned by the second-order multi-index (K = 214), while the
flat dashed lines corresponds to the system that reranks the en-
tire dataset. After reranking a tiny part of the billion-size dataset,
Multi-ADC is able to match the performance of the exhaustive
search-based system.

on our CPU. This efficiency makes matching against code-
books faster in the inverted index case despite the same
number of scalar operations.

Put together, Figure 3 and Figure 4 demonstrate the ad-
vantage of the second-order inverted multi-index over the
standard inverted index. Thus, the multi-index with K =
212 provides much higher recall and is faster to query than
the inverted index with K = 214. In Figure 4, we also
provide timings for the fourth-order index and small K.
Here, querying for short list lengths is much faster, however
the overhead from the multi-sequence algorithm kicks in at
shorter lengths (hundreds) exhibiting the main weakness of
higher-order inverted multi-indices.

Nearest neighbor search with reranking. The goal of



Locally optimized product quantization
Result on SIFT1B, 64-bit codes

Method R = 1 R = 10 R = 100

Ck-means [Norouzi & Fleet ’13] – – 0.649
IVFADC [Jégou et al. ’11] 0.106 0.379 0.748
IVFADC [Jégou et al. ’11] 0.088 0.372 0.733
OPQ [Ge et al. ’13] 0.114 0.399 0.777
Multi-D-ADC [Babenko & Lempitsky ’12] 0.165 0.517 0.860

LOR+PQ [Kalantidis & Avrithis ’14] 0.183 0.565 0.889
LOPQ [Kalantidis & Avrithis ’14] 0.199 0.586 0.909

Most benefit comes from locally optimized rotation!



Multi-LOPQ
[Kalantidis & Avrithis ’14]

x = ( x1 , x2 )

q2
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Multi-LOPQ
Result on SIFT1B, 128-bit codes

T Method R = 1 10 100

20K
IVFADC+R [Jégou et al. ’11] 0.262 0.701 0.962
LOPQ+R [Kalantidis & Avrithis ’14] 0.350 0.820 0.978

10K
Multi-D-ADC [Babenko & Lempitsky ’12] 0.304 0.665 0.740
OMulti-D-OADC [Ge et al. ’13] 0.345 0.725 0.794
Multi-LOPQ [Kalantidis & Avrithis ’14] 0.430 0.761 0.782

30K
Multi-D-ADC [Babenko & Lempitsky ’12] 0.328 0.757 0.885
OMulti-D-OADC [Ge et al. ’13] 0.366 0.807 0.913
Multi-LOPQ [Kalantidis & Avrithis ’14] 0.463 0.865 0.905

100K
Multi-D-ADC [Babenko & Lempitsky ’12] 0.334 0.793 0.959
OMulti-D-OADC [Ge et al. ’13] 0.373 0.841 0.973
Multi-LOPQ [Kalantidis & Avrithis ’14] 0.476 0.919 0.973



Multi-LOPQ
Image query on Flickr 100M (deep learned features, 4k → 128 dimensions)
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